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We present a novel formalism to describe the in-vacuo conversion between polarization states of
propagating radiation, also known as generalized Faraday effect (GFE), in a cosmological context.
Thinking of GFE as a potential tracer of new, isotropy- and/or parity-violating physics, we apply our
formalism to the CMB polarized anisotropy power spectra, providing a simple framework to easily
compute their observed modifications. In so-doing, we re-interpret previously known results, namely
the in-vacuo rotation of the linear polarization plane of CMB photons (or cosmic birefringence) but
also point out that GFE could lead to the partial conversion of linear into circular polarization.
We notice that GFE can be seen as an effect of light propagating in an anisotropic and/or chiral
medium (a “dark crystal”) and recast its parameters as the components of an effective “cosmic
susceptibility tensor”. For a wavenumber-independent susceptibility tensor, this allows us to set
an observational bound on a GFE-induced CMB circularly polarized power spectrum, or VV, at
CV V` < 2 · 10−5µK2 (95 % CL), at its peak ` ' 370, which is some three orders of magnitude better
than presently available direct VV measurements. We argue that, unless dramatic technological
improvements will arise in direct V-modes measurements, cosmic variance-limited linear polarization
surveys expected within this decade should provide, as a byproduct, superior bounds on GFE-
induced circular polarization of the CMB.
Introduction Polarization of the cosmic microwave
background (CMB) is the main observational target of
next-generation CMB experiments [1–3]. CMB photons
are expected to be linearly polarized by Compton scat-
tering at the epochs of recombination and reionization
[4]. In contrast, circular polarization is not expected to
be present at the time of last scattering. It can be gener-
ated by known physics as CMB photons propagate across
the Universe [5–9], but only in tiny amounts. However,
physics beyond the standard model might be responsible
for the generation of a larger amount of circular polar-
ization [10–18]. Observing circular polarization in the
CMB, therefore, could provide evidence for new physics
or constrain certain classes of extensions of the standard
model of particle physics.
In this paper we introduce a phenomenological frame-
work allowing to describe the mixing of different polar-
ization states during CMB photon propagation, includ-
ing the generation of CMB circular polarization from a
pure linearly polarized initial state (i.e., Faraday conver-
sion). We refer to such a mixing as “generalized Faraday
effect” (GFE) [19, 20] [21]. We use this formalism to de-
rive formulas that allow to compute the “observed” CMB
angular power spectra (including the ones involving the
circular polarization, V ) from the ones that would be
observed if the generalized Faraday effect were absent.
The latter can be easily obtained from a Boltzman code
like camb [22] or class [23]. We further draw inspira-
tion from the propagation of light in anisotropic or chi-
ral media (e.g., crystals) to describe GFE as the result
of light propagating into a medium with an anisotropic
and/or parity-violating susceptibility tensor, and derive
constraints on the components of this effective suscep-
tibility tensor from current data. We also discuss the
potential of future experiments in this respect.
Theoretical setup The transfer equation for polarized
radiation in a weakly anisotropic medium reads [19, 24,
25]:
d
ds

I
Q
U
V
 =

I
Q
U
V
−

ηI ηQ ηU ηV
ηQ ηI ρV −ρU
ηU −ρV ηI ρQ
ηV ρU −ρQ ηI


I
Q
U
V
 , (1)
where s is some affine parameter measuring length along
the photon path, the ’s are the spontaneous emissivi-
ties, the η’s describe absorption, and the ρ’s describe the
generalized Faraday effect, i.e., the mixing between dif-
ferent polarization components. In particular, ρV mixes
Q and U polarization and is thus responsible for Faraday
rotation, while ρQ and ρU mix linear polarization with V
and are responsible for Faraday conversion. The Stokes
parameters, as well as the elements of the mixing matrix
and the emissivities, depend, in principle, on conformal
time τ , position x and radiation wavenumber p. In the
following we will use the comoving wavenumber q = ap,
with a(τ) being the cosmological scale factor, to describe
the wavenumber dependence. Here we only consider the
case of a non-absorbing medium, and thus take all the η’s
equal to 0. In this case, total intensity decouples from
polarization and the equation for the (polarization-only)
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2Stokes vector S ≡ (Q, U, V ) can be recast as
dS
ds
= + ρ ∧ S , (2)
where we have introduced the vectors in polarization
space  ≡ (Q, U , V ) and ρ ≡ (ρQ, ρU , ρV ), while ∧
represents the usual cross product.
In this form, the equation lends itself to a simple in-
terpretation: when  = 0, total polarization intensity
P = |S| = (Q2+U2+V 2)1/2 is conserved and the vector S
precedes with angular velocity |ρ| around the direction of
ρ, ρˆ. In other words, after some time t, the vector S will
have been rotated by an angle 2α(t) =
∫ |ρ| dt′ around ρˆ
[26]. Furthermore, the direction of ρ defines the polar-
ization of the natural modes of the medium: when ρ is
aligned along the V direction (ρQ = ρU = 0, ρV 6= 0), the
normal modes are circularly-polarized waves and Faraday
rotation arises; when ρ is orthogonal to the V direction
(ρQ, ρU 6= 0, ρV = 0) the normal modes are linearly-
polarized and Faraday conversion takes place. In the
general case, the normal modes are elliptically-polarized
states.
Before proceeding further, some considerations are in
order about the behaviour of Eq. (2) under rotations in
the plane orthogonal to the direction of light propaga-
tion – speaking more pragmatically, under changes in
the orientation of the polarimeter. In fact, while V is
a (pseudo)scalar, Q and U depend on the choice of the
reference frame used to measure polarization. When this
frame is rotated by an angle α, the polarization vector
rotates by an angle 2α around the V – axis in polariza-
tion space. Then, in order for the transfer equation to
behave covariantly under such transformations, both 
and ρ need to transform in the same way as S; in other
words, they should be regarded as “proper” vectors in po-
larization space. This is immediately evident by looking
at the transfer equation in the form (2).
For the purpose of calculating CMB anisotropies, it
is more convenient to work with quantities with def-
inite spin, so we introduce the auxiliary polarization
vector ∆P (τ, x, q) =
(
∆P+,∆P−, V
)
, where ∆P± =
(Q ± iU)/√2 are the usual spin ±2 combinations of
Q and U . The effect of a rotation of the polarime-
ter by an angle α is thus equivalent to multiplying ∆P
by Rˆ(α) ≡ diag(e+2iα, e−2iα, 1). We similarly define
ρ± ≡ (ρQ ± iρU )/
√
2; from the considerations above, it
follows that these should also be spin ±2 quantities, re-
spectively, while ρV is a pseudoscalar.
CMB linear polarization is sourced by Thomson scat-
tering at the epochs of recombination and reionization
sources. From now on we shall assume that the V emis-
sivity is always zero, while the Q and U emissivities are
strongly peaked at the time τrec of hydrogen recombina-
tion but vanishing elsewhere, and study Eq. 2 with  = 0
for t > trec and suitable initial conditions at recombi-
nation. Note that this basically amounts to neglecting
the linear polarization generated at the time of cosmic
reionization. We also neglect the effect of gravitational
lensing due to matter distribution along the line of sight.
We will come back to these approximations later.
From Eq. 2, we can write down the transfer equa-
tion for ∆P in a perturbed Friedmann-Robertson-Walker
Universe. Expanding the spatial dependence of ∆P in
Fourier modes and keeping terms up to first order in cos-
mological perturbations yields
∂∆P
∂τ
+ ikµ∆P = iK∆P , (3)
where we have taken into account the fact that the back-
ground radiation field is unpolarized. This equation is
valid both for scalar and tensor modes. Here, k is the
wavevector of the perturbation, µ ≡ kˆ · qˆ, and we have
defined the matrix
K ≡

ρV 0 −ρ+
0 −ρV ρ−
−ρ− ρ+ 0
 . (4)
In deriving Eq. 3, we have assumed that the ρ’s do not de-
pend on x. This is equivalent to require that the physics
behind the generalized Faraday effect preserves homo-
geneity.
Note thatK is hermitian, because ρ+ = ρ
∗
−, and that a
rotation around the direction of propagation sends Kˆ→
Rˆ(α)KRˆ(α)−1.
A formal solution to this equation with given initial
conditions at last scattering ∆P (τLS) = ∆P,LS can be
written as:
∆P (τ) = exp
(
i
∫ τ
τLS
Kdτ ′
)
∆˜P (τ) , (5)
where ∆˜P is a solution of the initial value problem
∂∆˜P
∂τ
+ ikµ∆˜P = 0 ; ∆˜P (τLS) = ∆˜LS . (6)
We get the following relations between the components
of ∆ and ∆˜ at a given time:
∆P+(τ) = ∆˜P+ + i sin 2α(τ) ρ¯
−1(ρ¯V ∆˜P+ − ρ¯+V˜ ) + (1− cos 2α(τ)) ρ¯−2
[
(ρ¯+ρ¯− − ρ¯2)∆˜P+ + ρ¯2+∆˜P− + ρ¯+ρ¯V V˜
]
;
∆P−(τ) = ∆˜P− − i sin 2α(τ) ρ¯−1(ρ¯V ∆˜P− − ρ¯−V˜ ) + (1− cos 2α(τ)) ρ¯−2
[
ρ¯2−∆˜P+ + (ρ¯+ρ¯− − ρ¯2)∆˜P− + ρ¯−ρ¯V V˜
]
;
V (τ) = V˜ − i sin 2α(τ) ρ¯−1(ρ¯−∆˜P+ − ρ¯+∆˜P−) + (1− cos 2α(τ)) ρ¯−2
[
ρ¯−ρ¯V ∆˜P+ + ρ¯+ρ¯V ∆˜P− + (ρ¯2V − ρ¯2)V˜
]
,
(7)
3where we are using a bar to denote quantities averaged
along the line of sight, i.e., ρ¯X ≡ (τ − τLS)−1
∫ τ
τLS
ρXdτ
′,
ρ¯ ≡ ρ¯2Q+ ρ¯2U + ρ¯2V = 2ρ¯+ρ¯−+ ρ¯V and 2α(τ) = ρ¯(τ−τLS).
These equations express the polarization perturbations
after the mixing (the “un-tilded” quantities appearing in
the LHS) in terms of those that would be realized in the
sky if such a mixing were absent (the tilded quantities
appearing on the RHS). They can be seen as a general-
ization of the equations for anisotropic cosmic birefrin-
gence, that is sourced by Q− U mixing, to the case of a
Q− U − V mixing.
In order to characterize the statistics of the CMB per-
turbations we need to calculate angular power spectra.
We thus expand in spherical harmonics both sides of
equations (7). From now on we take V˜ = 0, coherently
with the standard model expectation of vanishing pri-
mordial V-mode. While V, V˜ and ρ¯V are scalar quan-
tities and can be naturally expanded in spin-0 spherical
harmonics, ∆P± (∆˜P±) and ρ¯± should be expanded in
spin-weighted s = ±2 harmonics [27]. We denote the ex-
pansion coefficients of ∆P±, V and ∆˜P± as a±/V,`m and
a˜±,`m, while the expansion coefficients of ρ¯±/V (τ − τLS)
as b±2/V,`m respectively.
Projecting both sides of Eqs. (7) over the appropriate
spherical harmonics and keeping only terms up to sec-
ond order in α, we obtain:
aE,L = a˜E,L +
(
G(1)L1L −H
(1)
L1L
+H(3)L1L
)
a˜E,L1+
−
(
G(2)L1L +H
(2)
L1L
−H(4)L1L
)
a˜B,L1 ;
aB,L = a˜B,L +
(
G(1)L1L −H
(1)
L1L
−H(3)L1L
)
a˜B,L1+
+
(
G(2)L1L +H
(2)
L1L
+H(4)L1L
)
a˜B,L1 ;
aV,L =
(
G(3)L1L −H
(5)
L1L
)
a˜E,L1 −
(
G(4)L1L +H
(6)
L1L
)
a˜B,L1 ,
(8)
where we have made the usual definition aE,L =
−(a2,L + a−2,L)/2 and aB,L = i(a2,L − a−2,L)/2, L
stands for (`,m), and, from now on, summation over
repeated indices is understood. The G and H kernels
contain only geometrical factors (products of Wigner-3j
symbols) and the b expansion coefficients at the first
and the second orders respectively, and as such do not
depend on the other cosmological parameters. Their
explicit form is given in the supplementary material.
We can use Eqs. (A.1) to build correlators CXYLL′ ≡
〈aX,La∗Y,L′〉. We focus on the diagonal components (L =
L′), but in principle there is potentially valuable infor-
mation also in the off-diagonal terms. Averaging over
m, introducing CXY` ≡ (2`+ 1)−1
∑+`
m=−` C
XY
LL , we get
the following expressions for the angular power spectra
modified by the generalized Faraday effect:
CTE` =
(
1− Z
2
)
C˜TE` ; C
TB
` =
bV,00√
4pi
C˜TE` ;
CEE` = (1−Z) C˜EE` +K11`1`C˜EE`1 +K22`1`C˜BB`1 ;
CBB` = (1−Z) C˜BB` +K11`1`C˜BB`1 +K22`1`C˜EE`1 ;
CEB` =
bV,00√
4pi
(
C˜EE` − C˜BB`
)
;
CEV` = K13`1`C˜EE`1 +K24`1`C˜BB`1 ;
CBV` = K23`1`C˜EE`1 −K14`1`C˜BB`1 ;
CV V` = K33`1`C˜EE`1 +K44`1`C˜BB`1 , (9)
where we have defined the K kernels as
Ka b`1` = (2`+ 1)
−1∑
m1,m
G(a)L1LG
(b)∗
L1L
, and 4piZ =∑
`m
(
|bV,`m|2 + |b2,`m|2
)
[28]. The spectra that do not
appear in Eqs. (A.7) are equal to their “unrotated”
counterparts. In deriving these equations, we have
assumed the absence of primordial TB and EB correla-
tions.
Recalling the behaviour of the Stokes parameters under
parity transformations (i.e. T and E are scalars while
B and V are pseudo-scalars), it is worth noting how
the mixing among the polarization components leads to
parity-violating power spectra, such as EB, TB and EV.
Eqs. (A.7) encode, in a very general way, the modifi-
cations due to GFE, linking the modified power spectra
to the power spectra that we would have in absence of
this effect: they follow quite generally from Eq. (1).
It is interesting to consider some limiting cases of
Eqs. (A.7). When only ρV 6= 0, the Stokes vector ro-
tates around the V−direction and only Q and U mix;
this is the so-called “cosmic birefringence”, widely stud-
ied in the literature. It is immediate to convince oneself
that in this case α is the birefringence angle, i.e. the an-
gle of rotation of the plane of linear polarization, and to
recover, from Eqs. (A.7), the equations for both isotropic
and anisotropic birefringence at second order in α [29–
31].
Similarly, when ρQ 6= 0 and/or ρU 6= 0, we recover Fara-
day conversion, i.e., circular polarization is generated by
conversion of the primordial linear polarization as CMB
photon propagate through a birefringent medium along
the line of sight [8, 32]. In particular, from Eqs. (A.7),
it can be seen that a non-zero VV power spectrum is
sourced, while the cross-spectra between circular and lin-
ear polarization remain vanishing, at least at second or-
der.
Mixing of the polarization components can arise
through several mechanisms, involving either known
physics or more exotic models. Given such a mechanism,
the ρ′s can be computed and specific predictions for the
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Figure 1. Top: “Rotated” (solid line) and “unrotaded” angu-
lar power spectra (dashed line). For the rotated ones we have
used β2V = 0.03 and β
2
E = 0.14. In both case the other cosmo-
logical parameters are the best-fit values of Planck 2018 and
r0.05 = 0.07. Bottom: Absolute differences between “rotated”
and “unrotated” for EE and TE.
observed power spectra can be obtained. In order to see
our formalism at work, we adopt an agnostic point of
view and relate the GFE parameters to the optical prop-
erties of the medium traversed by CMB photons.
The optical properties of a medium depend on the
three-dimensional (dielectric) susceptibility tensor χ.
The more general form of the dielectric tensor of a non-
dispersive medium is [33]
χ =

χxx i χxy −i χxz
−i χxy χyy i χyz
i χxz −i χyz χzz
 , (10)
where the χij are all real, so that χ is hermitian. We as-
sume that the medium is homogeneous, therefore χ does
not depend on position; it might however depend on the
radiation wavenumber. The diagonal (off-diagonal) ele-
ments are responsible for different linear (circular) polar-
ization states propagating with different velocities, and
as such they violate isotropy (parity).
To the purpose of making a connection between the
three-dimensional susceptibility tensor and the ρ’s, we
compare Eq. (1) with the radiative transfer equation
written in terms of the susceptibility tensor [20, 24, 25]:(
∂
∂t
+ pˆ ·∇
)
Iab = Eab+i(2piν)
(
χ(2)ac Icb − Iac(χ(2)†)cb
)
,
(11)
where Iab is the polarization tensor, Eab is the tensor of
spontaneous emission intensity per unit volume, ν is the
radiation frequency, and χ
(2)
ab is the susceptibility tensor
in the plane perpendicular to the direction of light prop-
agation. We then get, for the mixing coefficients in the
direction (θ, φ):
ρQ = 2piν0
[
(χxxc
2
θ − χyy)c2φ + (χyyc2θ − χxx)s2φ + χzzs2θ
]
;
ρU = 4piν0(χyy − χxx)cθsφcφ;
ρV = 4piν0 (χxycθ + χyzsθcφ + χxzsθsφ) , (12)
where ν0 = aν, sX ≡ sinX and cX ≡ cosX.
A mechanism that alters the propagation of photons
across cosmological distances can be recast in terms of an
effective dielectric tensor, for example by looking at how
the wave equation is modified. Then Eq. A.8c and A.7
can be readily used to obtain predictions for the observed
CMB angular power spectra. We explicit this procedure
for a dielectric tensor that does not depend on the radi-
ation wavenumber. In this case, the modified spectra in
Eqs. (A.7) read
CTE` = C˜
TE
` −
1
2
(
β2V + β
2
E
4pi
)
C˜TE` ;
CEE` = C˜
EE
` −
(
β2V + β
2
E
4pi
)
C˜EE` +
+
β2V
4pi
[
W(1)` C˜EE` +W(1)`+1 C˜BB`+1 +W(1)`−1 C˜BB`−1
]
;
CBB` = C˜
BB
` −
(
β2V + β
2
E
4pi
)
C˜BB` +
+
β2V
4pi
[
W(1)` C˜BB` +W(1)`+1 C˜EE`+1 +W(1)`−1 C˜EE`−1
]
;
CV V` =
β2E
pi
[
W(2)`+2 C˜BB`+2 +W(2)`+1 C˜EE`+1 +W(2)` C˜BB` +
+W(2)`−1 C˜EE`−1 +W(2)`−2 C˜BB`−2
]
, (13)
where W(1)` and W(2)` are combinations of Wigner 3j-
symbols, and
β2V ≡
∑
m′
|bV,1m′ |2 = 16pi
3
(
ξ 2xy + ξ
2
yz + ξ
2
xz
)
;
β2E ≡
∑
m′
∣∣∣∣12(b2,`m + b−2,`m)
∣∣∣∣2 =
=
8pi
15
[
(ξxx − ξyy)2 + (ξyy − ξzz)2 + (ξzz − ξxx)2
]
,
(14)
having defined ξij =
∫ τ0
τLS
2piν0χijdτ . Note that β
2
V and
β2E probe independent combinations of the χij ’s, since
they only depend on the off - and on diagonal compo-
nents, respectively.
The effect of these modifications are made clear in
Fig. (1), where we show polarization power spectra com-
puted assuming the best-fit Planck 2018 cosmology [34],
and the corresponding modified spectra for β2V = 0.03
and β2E = 0.14.
5Note that in producing the curves in Fig. (1) we only
rotate the polarization produced at last scattering. A
non-vanishing V-modes power spectrum is generated,
whose shape mostly follows that of the E-modes spec-
trum, as expected from Eqs. (A.10). The B-modes power
spectrum is dramatically affected even for relatively small
values β2V , because power leaks from the much larger E-
modes. [35]
Observational constraints Observations of CMB po-
larization can be used to constrain the values of β2V and
β2E , in the framework of simple extensions of the ΛCDM
model. We use observations of temperature and lin-
ear polarization anisotropies from the Planck legacy re-
lease [36] and BICEP2/Keck 2015 [37] to derive bounds
on both β2V and β
2
E in the presence of primordial ten-
sor modes, parameterised by the tensor-to-scalar ratio
r. Using the Monte Carlo engine CosmoMC [38], we find
β2V < 0.030, β
2
E < 0.14 and r0.05 < 0.055 at 95% CL [39].
Circular polarization data are also sensitive to β2E , see
Eq. (A.10). Using the V-modes CMB polarization data
from the CLASS telescope [40, 41], we find β2E < 38
(95% CL), assuming the Planck 2018 best-fit EE and
BB spectra. This constrain violates our assumption that
ρQ,U  1, nevertheless it indicates that current V-mode
data allow a large mixing of linear and circular polariza-
tion. We have shown that such a large mixing is however
excluded by current observations of E and B polarization.
These constraints on the β’s can be recast in terms of
the χij . Taking ν0 ' 150 GHz as the frequency of the
CMB photons today, ξij ' 1.5 · 1030 χij if the χ’s do not
depend on time. The constraint on β2V implies a bound
χij ≤ 2.7 · 10−32 for the largest off-diagonal element,
while the one on β2E implies χii − χjj ≤ 1.3 · 10−31 for
the largest difference between diagonal elements [42].
Conclusions In this paper we have derived a trans-
parent, and convenient to use, set of expressions for the
observed angular power spectra of CMB polarization, in-
cluding circular polarization, in the presence of general-
ized Faraday effect, i.e., the precession of the Stokes po-
larization vector in (Q, U, V ) space. These expressions
are valid to second order in the small rotation angle of
the Stokes vector. To our knowledge, this is the first time
that such expressions appear in the literature. We have
also proposed a phenomenological framework in which
the Universe is regarded as an homogeneous but possi-
bly anisotropic and/or chiral medium for what concerns
the propagation of light. The optical properties of the
medium are encoded in its susceptibility tensor; models
that predict that GFE is at play can in principle be re-
cast in such terms. We have linked the expressions for
GFE to the components of the susceptibility tensor to al-
low for an easy way to derive predictions for this class of
models. Finally, we have derived constraints for a simple
benchmark model with a wavenumber-independent sus-
ceptibility tensor. Also in this case, this is the first time
that such limits appear in the literature. In Fig. 2 we
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Figure 2. V-modes power spectra as predicted by CLASS
(solid line) and Planck/BICEP2/Keck (dashed line), com-
pared with SPIDER[43] and CLASS[41] data.
show the current data on the CMB VV power spectrum,
together with theoretical power spectra for β2E = 38, cor-
responding to the 95% upper limit allowed by current
circular polarization data, and β2E = 0.14, corresponding
to the 95% upper limit allowed by current temperature
and linear polarization data.
We also stress that forthcoming experiments, such as
CLASS [41], will likely improve the sensitivity on V-
modes. However, an improvement in sensitivity by a fac-
tor ∼ 103 (at the level of spectra) would be necessary
to bring constraints from circular polarization observa-
tions at the same level as the current bounds from linear
polarization, see Fig. 2. Moreover, future linear polariza-
tion measurements from the LiteBIRD satellite [2] will
further improve the constraint on β2E by roughly a factor
3, down to β2E < 0.05, while a cosmic variance-limited
experiment could potentially reach β2E < 0.01. We thus
argue that linear polarization measurements from forth-
coming experiments will likely yield stronger constraints
on GFE than direct observations of circular polarization,
at least in the case of a wavenumber-independent effec-
tive susceptibility tensor.
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7SUPPLEMENTAL MATERIAL
The modifications due to GFE are fully encoded in the following equations,
aE,L = a˜E,L +
(
G(1)L1L −H
(1)
L1L
+H(3)L1L
)
a˜E,L1 −
(
G(2)L1L +H
(2)
L1L
−H(4)L1L
)
a˜B,L1 ; (A.1a)
aB,L = a˜B,L +
(
G(1)L1L −H
(1)
L1L
−H(3)L1L
)
a˜B,L1 +
(
G(2)L1L +H
(2)
L1L
+H(4)L1L
)
a˜B,L1 ; (A.1b)
aV,L =
(
G(3)L1L −H
(5)
L1L
)
a˜E,L1 −
(
G(4)L1L +H
(6)
L1L
)
a˜B,L1 , (A.1c)
where we adopt the usual definition, aE,L = −(a2,L + a−2,L)/2 and aB,L = i(a2,L− a−2,L)/2, and where L stands for
(`,m). From now on, summation over repeated indices is understood.
The expressions of the G and H kernels are
G(1)L1L = (−1)m i
∑
`2
`+`1+`2 odd
m2=m−m1
GL1L2L bV,L2 ; (A.2a)
G(2)L1L = (−1)m
∑
`2
`+`1+`2 even
m2=m−m1
GL1L2L bV,L2 ; (A.2b)
G(3)L1L = (−1)m i
∑
`2
m2=m−m1
G′L1L2L
[(
b−2,L2 − (−1)`+`1+`2 b2,L2
)]
; (A.2c)
G(4)L1L = (−1)m
∑
`2
m2=m−m1
G′L1L2L
[(
b−2,L2 + (−1)`+`1+`2 b2,L2
)]
; (A.2d)
H(1)L1L =
(−1)m
2
∑
`2
`+`1+`2 even
m2=m−m1
GL1L2L (BV,L2 + B±2,L2) ; (A.2e)
H(2)L1L =
(−1)m
2
i
∑
`2
`+`1+`2 odd
m2=m−m1
GL1L2L (BV,L2 + B±2,L2) ; (A.2f)
H(3)L1L =
(−1)m
4
∑
`2
m2=m−m1
G′′L1L2L
[(B−4,L2 + (−1)`+`1+`2 B4,L2)]; (A.2g)
H(4)L1L =
(−1)m
4
i
∑
`2
m2=m−m1
G′′L1L2L
[(B−4,L2 − (−1)`+`1+`2 B4,L2)]; (A.2h)
H(5)L1L =
(−1)m
2
∑
`2
m2=m−m1
G′L1L2L
[(B−2V,L2 + (−1)`+`1+`2 B2V,L2)]; (A.2i)
H(6)L1L =
(−1)m
2
i
∑
`2
m2=m−m1
G′L1L2L
[(B−2V,L2 − (−1)`+`1+`2 B2V,L2)], (A.2j)
8where
GL1L2L ≡ F`1`2`
 `1 `2 `
m1m2 −m
 `1 `2 `
−2 0 2
 ; (A.3a)
G′L1L2L ≡ F`1`2`
 `1 `2 `
m1m2 −m
 `1 `2 `
−2 2 0
 ; (A.3b)
G′L1L2L ≡ F`1`2`
 `1 `2 `
m1m2 −m
 `1 `2 `
−2 2 0
 ; (A.3c)
G′′L1L2L ≡ F`1`2`
 `1 `2 `
m1m2 −m
`1 `2 `
2 −4 2
 . (A.3d)
with F`1`2` = [(2`1 + 1)(2`2 + 1)(2`+ 1)/4pi]
1/2
.
In the previous equations, we employed the expansion coefficients of ρ¯X(τ − τLS) and ρ¯X ρ¯Y (τ − τLS)2 as bX,L and
BX,L respectively. In details,
ρ¯V (τ − τLS) =
∑
`m
bV,`m 0Y`m(nˆ); (A.4a)
ρ¯+(τ − τLS) =
∑
`m
b+,`m +2Y`m(nˆ); (A.4b)
ρ¯−(τ − τLS) =
∑
`m
b−,`m −2Y`m(nˆ); (A.4c)
ρ¯V ρ¯V (τ − τLS)2 =
∑
`m
BV,` 0Y`m(nˆ); (A.4d)
ρ¯+ρ¯−(τ − τLS)2 =
∑
`m
B±2,`m 0Y`m(nˆ); (A.4e)
ρ¯+ρ¯+(τ − τLS)2 =
∑
`m
B4,`m +4Y`m(nˆ); (A.4f)
ρ¯−ρ¯−(τ − τLS)2 =
∑
`m
B−4,`m −4Y`m(nˆ); (A.4g)
ρ¯V ρ¯+(τ − τLS)2 =
∑
`m
B2V,`m +2Y`m(nˆ); (A.4h)
ρ¯+ρ¯−(τ − τLS)2 =
∑
`m
B−2V,`m −2Y`m(nˆ), (A.4i)
where we have defined ρ± ≡ (ρQ ± iρU )/
√
2. As in the main text, we are using a bar to denote quantities averaged
along the line of sight.
The Bs can be written in terms of the bs using the contraction rule
s1Y`1,m1 s2Y`2,m2 ≡
∑
s `m
(−1)m(−1)s
√
(2`1 + 1)(2`2 + 1)(2`+ 1)
4pi
 `1 `2 `
m1m2 −m
 `1 `2 `
−s1 −s2 s
 . (A.5)
For example,
BV,`m ≡
√
2`+ 1
4pi
(−1)m
∑
L1L2
√
(2`1 + 1)(2`2 + 1)
 `1 `2 `
m1m2 −m
`1 `2 `
0 0 0
 bV,`1m1bV,`2m2 , (A.6)
9and so on.
We can use Eqs. (A.1) to build correlators CXYLL′ ≡ 〈aX,La∗Y,L′〉, and then introducing CXY` ≡
(2`+ 1)
−1∑+`
m=−` C
XY
LL , we get the following expressions for the angular power spectra modified by the generalized
Faraday effect:
CTE` =
(
1− Z
2
)
C˜TE` ; C
TB
` =
bV,00√
4pi
C˜TE` ; (A.7a)
CEE` = (1−Z) C˜EE` +K11`1`C˜EE`1 +K22`1`C˜BB`1 ; (A.7b)
CBB` = (1−Z) C˜BB` +K11`1`C˜BB`1 +K22`1`C˜EE`1 ; (A.7c)
CEB` =
bV,00√
4pi
(
C˜EE` − C˜BB`
)
; (A.7d)
CEV` = K13`1`C˜EE`1 +K24`1`C˜BB`1 ; (A.7e)
CBV` = K23`1`C˜EE`1 −K14`1`C˜BB`1 ; (A.7f)
CV V` = K33`1`C˜EE`1 +K44`1`C˜BB`1 , (A.7g)
where we have defined the K kernels as Ka b`1` = (2`+ 1)
−1∑
m1,m
G(a)L1LG
(b)∗
L1L
, 4piZ = ∑`m (|bV,`m|2 + |b2,`m|2).
The spectra that do not appear in Eqs. (A.7) are equal to their “unrotated” counterparts. In deriving these equations,
we have assumed the absence of primordial TB and EB correlations.
In the main text, we have considered the following form for the ρ coefficients:
ρQ = 2piν0
[
(χxxc
2
θ − χyy)c2φ + (χyyc2θ − χxx)s2φ + χzzs2θ
]
; (A.8a)
ρU = 4piν0(χyy − χxx)cθsφcφ; (A.8b)
ρV = 4piν0 (χxycθ + χyzsθcφ + χxzsθsφ) , (A.8c)
where ν0 = aν, sX ≡ sinX, cX ≡ cosX, and the χ’s are the components of an effective susceptibility tensor. If the
susceptibility tensor does not depend on the direction of light propagation, the only non-zero coefficients are:
bV,10 = (2piν)
√
16pi
3
,χxy; (A.9a)
bV,11 = (2piν)
√
8pi
3
(
iχxz − χyz
)
; (A.9b)
bV,1−1 = −b∗V,11 = (2piν)
√
8pi
3
(
iχxz + χyz
)
, (A.9c)
and
b2,20 = b−2,20 = (2piν)
√
4pi
15
(−χxx − χyy + 2χzz) ; (A.9d)
b2,22 = b2,2−2 = b−2,22 = b−2,2−2 = (2piν)
√
2pi
5
(
χxx − χyy
)
, (A.9e)
where we have further made use of b−2,`m = (−1)mb2,`−m. If we define bE,`m ≡ −(b2,`m + b−2,`m)/2 and bB,`m ≡
i(b2,`m − b−2,`m)/2, we have
bE,20 = (2piν)
√
4pi
15
(
χxx + χyy − 2χzz
)
; (A.9f)
bE,22 = bE,2−2 = (2piν)
√
2pi
5
(−χxx + χyy) , (A.9g)
while the bB ’s are all vanishing.
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Defining ξij =
∫ τ0
τLS
2piν0χijdτ and combing Eqs. A.8 with Eqs. A.4, Eqs. A.7 become
CTB` = C
EB
` = C
EV
` = C
BV
` = 0 (A.10a)
CTE` = C˜
TE
` −
1
2
(
β2V + β
2
E
4pi
)
C˜TE` ; (A.10b)
CEE` = C˜
EE
` −
(
β2V + β
2
E
4pi
)
C˜EE` +
β2V
4pi
[
W(1)` C˜EE` +W(1)`+1 C˜BB`+1 +W(1)`−1 C˜BB`−1
]
; (A.10c)
CBB` = C˜
BB
` −
(
β2V + β
2
E
4pi
)
C˜BB` +
β2V
4pi
[
W(1)` C˜BB` +W(1)`+1 C˜EE`+1 +W(1)`−1 C˜EE`−1
]
; (A.10d)
CV V` =
β2E
pi
[
W(2)`+2 C˜BB`+2 +W(2)`+1 C˜EE`+1 +W(2)` C˜BB` +W(2)`−1 C˜EE`−1 +W(2)`−2 C˜BB`−2
]
, (A.10e)
where the W kernels are combinations of Wigner 3j-symbols
W(1)`′ ≡ (2`′ + 1)
 `′ 1 `
−2 0 2
 , W(2)`′ ≡ (2`′ + 1)
 `′ 2 `
−2 2 0
 . (A.11a)
and
β2V ≡
∑
m′
|bV,1m′ |2 = 16pi
3
(
ξ 2xy + ξ
2
yz + ξ
2
xz
)
; (A.12a)
β2E ≡
∑
m′
∣∣∣∣12(b2,`m + b−2,`m)
∣∣∣∣2 = 8pi15 [(ξxx − ξyy)2 + (ξyy − ξzz)2 + (ξzz − ξxx)2] . (A.12b)
